The mechanism of appearance of exponentially large number of metastable states in magnetic phases of disordered Ising magnets with short-range random exchange is suggested. It is based on the assumption that transitions into inhomogeneous magnetic phases results from the condensation of macroscopically large number of sparse delocalized modes near the localization threshold. The properties of metastable states in random magnets with zero ground state magnetization (dilute antiferromagnet, binary spin glass, dilute ferromagnet with dipole interaction) has been obtained in framework of this mechanism using variant of mean-field approximation. The relations between the characteristics of slow nonequilibrium processes in magnetic phases (such as hysteresis loop form, thermo-remainent and isothermal remainent magnetizations, field-cooled and zero-field-cooled thermodynamic quantities) and thermodynamic parameters of metastable states are established.
Introduction
The specific feature of disordered magnets is the appearance of large number of metastable states in magnetic phases. They cause various irreversibility phenomena in the reaction to the changes of temperature and external magnetic field, such as the dependence of thermodynamic parameters on the order and the rate of these changes, the appearance of hysteresis loops, depending on the field amplitude etc. [1, 2, 3, 4] . These effects appear to be common to the all types of magnetic disorder -from dilute magnets with nonmagnetic impurities [2, 4] to spin glasses existing in solid solutions of ferromagnets with antiferromagnets [1, 3] . This universality of nonequilibrium phenomena compels to suggest the existence of common mechanism responsible for the appearance of metastable states in random magnets.
To elucidate the nature of this mechanism it is natural to use such universal method as the mean-field approximation. The most popular example of application of this method in the theory of disordered magnets is the use of the TAP-equations for local magnetic moments in the Sherrington-Kirkpatrick spin glass model [5] . Still the investigation of these equations has not resulted in the determination of the thermodynamic properties of metastable states, it was only established that their number is exponentially large [6] . It seems that this model is rather complex for the mean-field treatment due to very large fluctuations of the long-range exchange integrals. The more realistic models with bounded short-range random exchange are, in certain sense, simpler as they allow to make some heuristic suppositions about the character of the spectrum and eigenvectors of the random exchange matrix, based on the results of the theory of localization for random matrices, which could be valid for the majority of random realizations [7, 8, 9] . On the basis of such suppositions, we attempt here to develop the phenomenological meanfield theory of disordered Ising magnets, which allows to elucidate the mechanism of the appearance of metastable states in random magnets, to describe their thermodynamic properties and the parameters of the irreversible processes near transition point.
Here c α i are the normalized eigenvectors of J ij corresponding to the largest (degenerate in case of multisublattice antiferromagnet) eigenvalue J, α = 1, ..., N 0 .
Then the Hamiltonian becomes the function of (multicomponent) order parameter 
to get the inequilibrium thermodynamic potential
Minimization of F (η α ) would give the equilibrium values of thermodynamic parameters, corresponding to the lowest minimum, and those of metastable states, corresponding to less deep minima. In particular, one can get the average spin values
In some cases this approximation may give quantitative description of thermodynamics of the second order transitions in homogeneous magnets (except for the fluctuation region in the immediate vicinity of transition point). So it is rather natural to use the mean-field approximation for the disordered magnets. In this case it seems sufficient to average the results obtained in the framework of the described above scheme over random J and c α i . Then the thermodynamics of disordered magnets would not qualitatively differ from that of ideal magnets and, in particular, there would not appear numerous metastable states in the inhomogeneous magnetic phases.
The most probable reason for the emergence of exponentially large number of metastable states lies in the specific structure of spectrum and eigenvectors of random matrix J ij . Indeed, the eigenvectors of J ij having the described above properties are localized near the upper (and lower) boundary of the spectrum [7] . So to describe the transition in random magnet one should not take in the Eq. 2 the largest eigenvalue but rather lower one J at the localization threshold, i. e. the largest eigenvalue from those having delocalized eigenvectors. The reason is that the macroscopic transition could take place only as a result of condensation of delocalized mode, while the preceding condensation of local modes with larger eigenvalues (transition temperatures) results in the specific transition into Griffiths' phase, which is not accompanied by noticeable anomalies of thermodynamic parameters [10, 11] .
Meanwhile, it seems rather probable that in the majority of random realizations the condensation of just one delocalized mode is not sufficient for the stabilization of new magnetic phase. For the dimension d > 2, delocalized eigenvectors near the localization threshold has probably rather sparse (fractal) structure consisting of rare localization regions connected just by the branching chains. In other words, there is the set of sites with the structure of percolation cluster [12] , where N (c α i ) 2 >> 1, while on the other sites N (c α i ) 2 << 1. In this respect the modes which are close to the localization threshold differ essentially from those in the interior of the spectrum and from the modes of translationally invariant J ij having N (c α i ) 2 ≈ 1 at almost all sites.
The evidences of such fractal structure of these nearly localized modes were obtained in the numerical studies of various ensembles of short-range random matrices, see [8, 9] and references therein. According to Eq. 4 the condensation of one such mode results in the appearance of sufficiently large average spins only on a sparse fractal structure, which would not suffice to stabilize the modes with lower eigenvalues, being localized, in general, on the other fractal sets of sites. To be more precise, the condensation of the nearest to the localization threshold mode c 0 i can stabilize only those modes with J α < J, which overlap essentially with it, i. e. having N c α i c 0 i >> 1 at almost all sites where N (c α i ) 2 >> 1. So after the condensation of the first sparse mode, the second mode having almost zero overlap with the first one will condense at lower temperature. Further decreasing of temperature will result in the condensation of third sparse mode which does not essentially overlap with the first and second ones and so on. This subsequent condensation of almost nonoverlapping modes with lower eigenvalues will take place until sufficiently large average spins appear at almost all sites. In the intervals between the eigenvalues of condensing modes there can exist, in general, an arbitrary numbers of modes which do not condense due to the large overlap with the previously condensed modes. These modes represents the order parameter fluctuations and should be omitted in the mean-field approximation.
Fractal structure of condensing modes suggests that their number diverges when N → ∞. Indeed, if the sets of sites, where the modes considered are mainly localized, have the fractal dimension d f < d, then the number of the condensing modes, N 0 , is of the order N 1−d f /d .
The described mechanism of the transition into inhomogeneous magnetic phases can rather naturally explain the appearance of exponentially large number of metastable states. Indeed, the condensation of one mode in zero field gives rise to two stable states related by the global spin reversal, while each subsequent condensation multiplies this number by factor two. Thus there appears 2 N0 ∼ exp(N 1−d f /d ln 2) stable states. Spin configurations in these states will be related by the overturns of independent groups of spins, corresponding to fractal modes. Just this structure of the set of ground states has been revealed in recent numerical study of 3d Ising spin glass with ±J exchange [13] , which makes this mechanism rather probable.
The fact that overlaps of condensing modes almost vanish (i. e. N c α i c β i << 1 for α = β for almost all sites) allows to simplify essentially further considerations. Let us approximate the corresponding eigenvectors c α i by the set of nonoverlapping (normalized) vectors e α i , e α i e β i = 0 for α = β, which are equal to c α i in the regions where they are mainly localized (N (c α i ) 2 >> 1) and zero outside them. Then on the subspace, spread by the (apparently, orthogonal) vectors e α i , J ij is almost diagonal
Here J αβ is small nonnegatively defined matrix,
Then it is easy to find the mean-field thermodynamic potential, depending on the multicomponent order parameter
is Haviside's step function) and (quasi)local magnetizations
It has the form
Here T r α denotes the sum over spin configuration of those sites where e α i = 0. According to the above considerations, N α → ∞ in thermodynamic limit, N0 α=1 N α = N and homogeneous magnetization is
Thermodynamic potential F , Eq. 5, depends on a small random matrix J αβ and random vectors e α i . Their form is determined by the type of the random exchange matrix ensemble. In some cases it is possible to get some notion on the e α i form. For example, in the spin glass with binary random exchange,
in every bond configuration there are nonfrustrated d-dimensional clusters, i. e. the clusters which have unique spin configuration σ i providing the energy minimum, and
Thus the delocalized eigenvectors with largest eigenvalues could be approximately constructed via connection of some nonfrustrated d-dimensional clusters by the branching chains without loops which are also nonfrustrated at all bond configurations [14] . So e α i can be approximately represented as
where σ α i are the spin configuration constructed as described on the nonfrustrated fractal sets of sites. In dilute magnets with the concentration of magnetic atoms above the percolation threshold, the vectors e α i can be also represented in the form Eq. 7 as one can connect by chains the d-dimensional ferromagnetic (antiferromagnetic) clusters belonging to the percolation cluster. So σ α i = 1 in dilute ferromagnet and σ α i = (−1) kri in dilute antiferromagnet. Yet we must note that in some specific random realization of matrix J ij its eigenvectors near the localization threshold and e α i could essentially differ from that of Eq. 7. Nevertheless we will suppose that this expression approximates e α i reasonably well in the majority of random realizations so it can be used for the estimates of the ensemble average of the sums
As we show below, thermodynamics near the transition point does not depend on the detailed form of e α i being determined by the several constants u nα , Eq. 8. The advantage of F representations in the form of Eq. 5 is the additivity of the entropy. But with arbitrary random matrix J αβ this expression is still difficult to analyze. We can simplify it using rather apparent consideration that eigenvalues of this matrix, lying in an interval between zero and some J 0 << J, must condense near zero as the farther from localization threshold the more rare are the modes which do not overlap with the preceding ones. Then, as the average interval between eigenvalues is of the order 1/N , the same order could have the smallest eigenvalues of J αβ . So we can approximate J αβ by the projector on some (random) vector r α which properties are determined by the type of J ij ensemble,
Here we must note that the assumption that only one of eigenvalues of J αβ is finite, while all others are of the order 1/N , is rather rough. It results in merging of the condensation points of all modes except one and makes the transition to be more sharp, while actually some modes will condense somewhere between T = J and T = J − J 0 . Yet the approximation in Eq. 9 allows to obtain analytical results which agree qualitatively with experiments, so it could be a starting point for more precise theory, accounting for distribution of the condensation temperatures of fractal modes.
Further we will show that the form of r α could be determined from the fact that matrix J αβ defines the type of the ensemble's ground state.
We also substitute N α in Eq. 5 by their average values N α = N/N 0 . Then Eq. 5 becomes
Partial entropies S α (l α , m α ) in Eq. 6 can be represented as
The values ϕ α , ψ α corresponding to the maximum are determined by the equations
Differentiating potential in Eq. 10 over l α and m α we get the equations of state
The stable solutions of Eqs. 11 -14 corresponding to the minima of F must give the positively defined Hessian
For H = 0 , T = 0 we have from Eqs. 11 -14
Thus there are 2 N0 stable solutions of Eqs. 11 -14 which differ by the l α signs . If the ensemble of random J ij has ground states with m = 0 in almost all realizations then we may provide the minimal energy for the states with m = 0 putting rl = cm. There is the unique function r α (e α i ) obeying this condition for arbitrary l α signs,
Here c ′ is a normalization constant. Further we consider only disordered magnets with zero magnetization in ground states such as dilute antiferromagnets, spin glasses and dilute ferromagnets with dipole interaction [15] . According to the above considerations on the form of e α i in dilute magnets and binary spin glasses(see Eq. 7, Eq. 16 can be represented as )
Thus, in the approach outlined, the study of metastable states in the mentioned above magnets consists in the finding of stable solutions of Eqs. 11 -14, with r α in the form of Eq. 17 and the averaging over disorder reduces to the averaging of these solutions over random e α i and J 0 << J. Smallness of J 0 > 0 means that corresponding distribution function W (J 0 ) must have sufficiently narrow bounded support, i. e. the possible J 0 values must be smaller than some J > 0 obeying the condition J << J. Let us note that the localization threshold J is not random quantity being the characteristics of the whole ensemble of random J ij .
Spin configurations corresponding to the obtained l α , m α can be found from the expression
which should be averaged over e α i and J 0 .
Thermodynamics near transition
In the absence of external field, the equations of state, Eqs. 11 -14, have unique paramagnetic solution at T > J and a number of stable solutions appears at T < J. Thus at T = J, H = 0 a transition from paramagnetic phase into inhomogeneous magnetic one takes place. Let us consider the thermodynamics in the vicinity of this transition which is defined by the condition
In this case it follows from Eqs. 11 -14
where τ = 1 − J/T , τ 0 = J 0 /T , and Hessian, Eq. 15, has the form
From Eqs. 19 -21 it follows that H << J, τ << 1, τ 0 << 1. Eqs. 20 can be significantly simplified if one neglects dependence on α of the parameters u 4α and u 2 1α , defined by Eq. 8. Further we assume
It seems that such approximation could not qualitatively change results. Giving it up one will just add some fluctuations to final expressions. Then, introducing new variables x α instead of l α ,
Eqs. 20 can be represented as It shows that all three eigenvalues τ + x 2 s could not be positive simultaneously. Thus the stable solutions must have one of n s equal to zero. Further we will consider just these solutions putting n 3 = 0. The stability condition for them reduces to one inequality
It follows from Eq. 27 and Eq. 28 that x s can be represented in the following form
so the stability condition, Eq. 29, is equivalent to the inequality |ϕ| < π/6 (31)
From the definition of x it follows :
Here
Inserting Eq. 30 into Eq. 24 we get
Excluding x from Eq. 33 and Eq. 34 we obtain the equation for ϕ:
As τ 0 > 0, the left side of Eq. 35 is a monotonously growing function of ϕ for |ϕ| < π/6. Hence, there is only one stable solution for x s at a given ∆. There are N0 n1 metastable states corresponding to this solution which differ by x α permutations. The explicit solution of Eq. 35 can be found for ∆ = 0 when it becomes cubic. In the limiting cases ∆ = ±1 Eq. 35 reduces also to a cubic one for x 1 or x 2 which coincides with Eq. 25. From Eq. 21 it follows that in the lowest order in τ and h the parameter x is proportional to the homogeneous magnetization m,
In general case Eq. 35 and Eq. 33 (or Eq. 34) give a parametric representation of a dependency of the homogeneous magnetization in the metastable states with a given ∆ on τ , τ 0 and h. The parameter ϕ can be excluded from these equations with the result
From the stability condition, Eq. 31, and Eq. 34, it follows that solutions of Eq. 36 is stable in the region
which is the band on the µ − h plane. The magnetization is a monotonously growing function of h and ∆ inside this band so the field dependencies of magnetization can be represented as a set of uncrossed lines bounded from above and below by the x 0 (h) curve as shown in Fig. 1 . According to Eq. 33, solutions of Eq. 36 must obey the condition
Apparently, the region on this figure, where metastable states exist, defines the form of hysteresis loop, which appears as a reaction on a slow AC field with amplitude greater than
There are certain temperature variations in the loop form as at −2τ < 3τ 0 only part of metastable states are stable at h = 0 and loop is rather slim, see Fig. 1(a) , while at −2τ > 3τ 0 all metastable states are stable at h = 0 and loop became more thick, Fig. 1(b) . Note also that when amplitude of AC field is less than h e the form of hysteresis loop is defined by the field dependencies of magnetizations in corresponding metastable states. The other thermodynamic parameters of metastable states can be obtained by differentiation of thermodynamic potential which near transition has the form
For the entropy S and heat capacity C we have
Let us also present the expression for homogeneous magnetic susceptibility
and Edwards-Anderson order parameter
Expressed via ϕ they are
In spite of the absence of explicit expression for ϕ as a function of h, τ and τ 0 , the above expressions allow to get some notion about the field and temperature dependencies of these quantities. Thus at the boundaries of stability region, |ϕ| = ±π/6 or at
q and χ −1 has the lowest values
while magnetization, entropy and heat capacity are
When h goes to ±h e , Eq. 37, the more homogeneous states with ∆ → ±1 stay stable and their magnetization tends to u 1 x 0 (±h e ) / √ u 4 = ±2u 1 (−τ ) 1/2 / √ u 4 . However the limiting values of magnetic susceptibility and heat capacity differ from those in paramagnetic state: u 2 1 χ −1 0 = J τ + τ 0 + x 2 0 , C 0 = x 2 0 /u 4 τ + τ 0 + x 2 0 . In the middle of the stability band (at ϕ = 0 or h = ∆ (−3τ ) 1/2 τ 0 ) we get: q = −τ 1 + 2 − 3u 2 1 ∆ 2 , u 2 1 χ −1 = J 0 − 2τ J, S = ln 2 + 3τ /2u 4 , C = 3 2u4 1 − ∆ 2 τ0 τ0−2τ . In this case with the diminishing of inhomogeneity when h → ±h AT ,
m, χ, S and C tend to the corresponding values of the paramagnetic phase. The Almeida-Thouless field h AT , Eq. 42, determines (to the order N −1 0 ) the point of the transition into the paramagnetic phase. To show this let us find the values ∆ eq corresponding to the states with the lowest potential. Differentiating F , Eq. 38, over ∆ and using Eqs. 24, 27 and Eq. 28 we get
Thus the states with x 3 = 0 or, equivalently, ϕ = 0 (cf. Eq. 30) have the lowest potential. One can see that Eq. 35 has solution ϕ = 0 when ∆ = h/h AT which is possible at h 2 < h 2 AT . When h 2 > h 2 AT F (∆) has no minima inside the region ∆ 2 < 1 in which it is defined and the minimal values occur at its boundaries for ∆ eq = sign(H). So the transition into paramagnetic state takes place at h = ±h AT . As ∆ is a rational number of the form 2n/N 0 − 1 (cf. Eq. 32) it can not be exactly equal to h/h AT at all h 2 < h 2 AT . Hence ∆ eq is defined so that |∆ − h/h AT | is minimal and can be represented as
Thus at h 2 < h 2 AT series of transitions between inhomogeneous magnetic states takes place at fields
Inserting this ∆ eq into Eq. 35 we get the corresponding values of ϕ eq at h 2 < h 2 AT :
Inserting ∆ eq and ϕ eq into the parametric representations of q and m ≈ u 1 x/ √ u 4 we obtain the equilibrium values of these quantities
Differentiating m eq over H we get the equilibrium susceptibility
AT
The equilibrium entropy can be obtained by the differentiation of the equilibrium potential which to the ε 2 n order is
where configurational entropy S conf is determined by the logarithm of the number of states with the same potential F ,
S conf is of the order N 0 /N and can be neglected. Hence
For the equilibrium heat capacity we get
In the thermodynamic limit N 0 → ∞ and sums of delta-functions in the expressions for χ eq and C eq has the following limit (in the sense of distributions)
so χ eq = u 2 1 /J 0 and C eq = 3/2u 4 at h 2 < h 2 AT , N → ∞. The averaging of obtained expressions over random J ij reduces to that over random vectors e α i entering u 4 and u 2 1 and over J 0 with a distribution function W (J 0 ) with bounded support. Assuming the sums of macroscopic number of variables, representing u 4 and u 2 1 , see Eqs. 8, 23, to be self-averaging quantities we may just substitute them by the ensemble averages u 4 and u 2 1 , which can be estimated using representation of Eq. 7. From Eq. 7 it follows u 4 = 1
where ν + α and ν − α are relative parts of positive and negative values of e α i . So u 2 1 = 1 in dilute dipole ferromagnets. In dilute antiferromagnet the difference ν + α −ν − α can be nonzero only due to uncompensated spins on the surface of d-dimensional antiferromagnetic clusters on which e α i are mostly localized. Hence ν + α − ν − α is of the order of the surface to volume ratio of d-dimensional antiferromagnetic clusters, so
where D is the average diameter (in terms of lattice spacing) of these clusters. Evidently, D is a function of the concentration of antiferromagnetic atoms, which goes to infinity when concentration tends to 1.
In the binary spin glass, u 2 1 depends on the concentration of ferromagnetic atoms p. In this case u 2 1 = 1 for p > 1 − p c and u 2 1 = D −2 for p < p c , p c being the bond percolation threshold on the lattice of magnetic atoms. At p c < p < 1 − p c , u 2 1 dependence on p can be qualitatively described as
The averaging over J 0 of the results obtained for the thermodynamic parameters of equilibrium and metastable states essentially depends on the form of W (J 0 ). It gives rather cumbersome expressions even for the simplest W (J 0 ) so we do not present them here. From the experimental point of view, this averaging is rather superficial as real experiments are usually fulfilled on the unique sample. Here we only note that to obtain the average thermodynamic parameters of metastable states it is convenient to consider ϕ in the above parametric representations as random variable as ϕ = ϕ(J 0 ) according to Eq. 35. The distribution function for ϕ is
We must also note that the average equilibrium parameters are generally unobservable quantities due to the macroscopic free energy barriers between metastable states. Probably, the experimental values, which are rather close to them, are obtained after cooling in small external fields down to T just below J (field-cooled (FC) regime) [1, 3] when barriers between metastable states are relatively small and system could relax into the lowest (or close to it) state at a sufficiently slow cooling. In zero field cooled (ZFC) regime when field is applied after cooling below T = J in zero field, the observed thermodynamic parameters would differ from equilibrium ones as the system would at first be trapped in the state with ∆ = 0 and will stay in it if applied field does not exceed
cf. Eq. 39. Thus at h < h c the ZFC parameters are those of ∆ = 0 metastable states. When applied field h > h c , the system relaxes into the metastable state at the boundary of stability region (on the lower branch of hysteresis loop) having some ∆ > 0 which is a solution of Eq. 39,
Inserting this ∆ in Eq. 40 and Eq. 41 we get the values of thermodynamic parameters the observed quantities would relax to in ZFC regime at h > h c . The field and temperature dependencies of some thermodynamic parameters in FC and ZFC regimes are shown in Fig. 2 . Similarly, the parameters of metastable states define the other quantities which are determined in the slow nonequilibrium processes in the magnetic phase, such as thermo-remainent magnetization, m T RM , which remains after FC process and subsequent switching off the field, and isothermal remainent magnetization, m IRM , remaining after ZFC process followed by the application for some time (longer than the Temperature dependence of m ∞ is shown in Fig. 3(b) The main result of the present work consists in the qualitative, but complete description of properties of all metastable states in the inergodic phases of random Ising magnets with zero ground state magnetization and elucidation of their relations to the parameters of slow irreversible processes. The results depicted in Fig. 1 allow to describe every conceivable irreversible process with arbitrary sequence of field and temperature changes. Qualitative agreement of the obtained here parameters of some such processes with experiments and numerical studies [1] - [4] justifies the approximations used in Eqs. 7, 9, 17, 23 and shows that the condensation of macroscopic number of sparse fractal modes near the localization threshold do can be a possible mechanism of the appearance of exponentially large number of metastable states (2 N0 ∼ exp(N 1−d f /d ln 2) in disordered Ising magnets. The argument in favor of this mechanism is also the structure of the set of these states related via overturns of independent spin groups, corresponding to fractal modes, as just the same relations between ground states in 3d Ising spin glass with ±J exchange are revealed in recent numeric studies [13] .
Let us also note that obtained here results are expressed solely in terms of statistical characteristics of random exchange matrix. So the present approach could serve as a starting point for the developing of more precise quantitative theory of metastable states in disordered magnets. Such theory should be based on the detailed studies of the properties of random J ij eigenvectors near the localization threshold, which we were compelled to describe here in terms of phenomenological suppositions. One of the tasks of this theory could be, in particular, the test of the universality of the properties of the magnets with zero ground state magnetization, as the results for them differ in present approach just by the values of u 2 1 . Finally, let us note that the suggested transition mechanism can not be applied to the intensively studied Sherrington-Kirkpatrick spin-glass model [1] . In this model random J ij are described by the gaussian orthogonal ensemble in which there are no localized eigenvectors and delocalized ones have no fractal structure. So the mechanism of the appearance of metastable states in this model seems to be essentially different from that in the models with a short-range random exchange.
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